Introduction
Let N be a von Neumann algebra and E : N-+ N a positive linear unital map. We say E is a projection (or positive projection) if E is idempotent, E = E 2 • If E is faithful and normal the image of E is a Jordan algebra [3] , in particular its self-adjoint part A = E(Nsa) is a JW-subalgebra of Nsa with the usual Jordan product a o b = !(ab + ba). It was shown in [1] that E is completely positive if and only if E(N) is a von Neumann algebra, and it was shown in [7] that E is decomposable, i.e. the sum of a completely positive and co-positive map, if and only if A is a reversible JW-algebra. Recall that A is called reversible if A= R(A)sa, where R(A) denotes the weakly closed real *-algebra generated by A. Let M denote the von Neumann algebra generated by A, or equivalently by E(N). Then it is natural to ask 1) whether there exists a faithful normal conditional expectation of N onto M, and 2) if it does, will E factor through M, i.e. if there exists a faithful normal conditional expectation F : N -+ M and a (possibly canonical) projection P : M -+ A + i A such that E = Po F.
In the present paper we shall present answers to the above questions, the results varying with the kind of JW -algebra A is. We shall also in the last section prove a theorem on the existence of positive projections, the result being an extension of Takesaki's existence theorem for conditional expectations [9] to Jordan algebras.
We shall mainly concentrate our attention to faithful projections. There are two technical reasons for this. The first is that then A = E(Nsa) is a JW-subalgebra of Nsa· Secondly, we can always restrict attention to this situation. Indeed, let e be the support of E inN. By [3, is a faithful normal projection onto E(N)e. ( We should remark that in [7] A is assumed to be a JW-factor, but the result extends easily to the general case by a modification of the proof of Proposition 3.1 below). We refer the reader to the book [5] for the theory of JW -algebras.
Projections from the enveloping von Neumann algebra
In this section we study the existence problem for positive normal projections of the enveloping von Neumann algebra onto the JW-algebra. To be specific let A be a JW-algebra and M =A" the von Neumann algebra generated by A. From the structure theory of JW-algebras, see [5] there exist projections e, j, g, h in the center Z(A) of A with sum 1 such that the following hold:
a(x) = x*}. fA and gA have the following further properties:
(iia) There exist two projections p, g in the center Z(M) of M with The proof will be divided into some lemmas. The necessity part of the theorem follows from the following more general result. For a discussion of traces on JW-algebras see [6] . 
Since T is faithful pa+p = 0. Letting p / support(a+) we obtain a+ = 0, and similarly a-= 0. Thus a = 0.
Let O"t denote the modular group of the weight ToE on N, and let 
Proof Cutting down by central projections if necessary we may assume M has a faithful normal tracial state tr. As for von Neumann algebras for each
In particular this holds when x is self-adjoint and a= 
Conditional expectations onto the generated von Neumann algebra
In this section we study the following problem. Suppose N is a von Neumann algebra, A a JW-subalgebra, and M the von Neumann algebra generated by A. Suppose E : N --+ A is a faithful normal projection. Then (i) Does there exist a faithful normal conditional expectation F: N--+ M?
(ii) IfF exists can it be chosen so that E = ElMo F?
Note that if A has a faithful normal semifinite trace T such that ToE is semifinite, then the answer to both questions is affirmative by Lemma 2.2.
The following proposition is used in the proof of [8, Thm] 
is an orthogonal sum of normal maps, so is normal. In [8] it was shown that if N is a von Neumann algebra, A a reversible JWsubalgebra and E a faithful normal projection of N onto A such that a o E = E for an involution a of N, then there exists a faithful normal conditional expectation F of M onto A, where as before M is the von Neumann algebra generated by A. We now show that we can get rid of the hypothesis on the existence of a and thus answer questions (i) and (ii) affirmatively when A is of type (iib) in §2. 
N is imbedded inN by x---+ (x, 0). We define an involution a of N by a(x, y) = (y, x).

Let
M = {(x,a(x)): x EM}, and imbed Min M by X---+ (x, 0). Define an involution a on M by a(x, a(x)) = (a(x), x) = (a(x), a(a(x))).
Then a= alii· Let 
A= {(x,x): x= a(x) E A} and imbed A A by x---+ (x, 0). The canonical projection P: M---+ A satisfies
P(x) = Hx + a(x)). Define -- - P:M---+A by P(x, a(x)) = (~(x + a(x)), ~(x + a(x)) = (P(x), P(x)
(~E(x + a(x)), ~E(x + a(x))) = (EP(x), EP(x)) (P(x), P(x)) = P(x, a(x)).
Define Fi: N-+ M, i = 1,2, by
F(O, y) = (aF2(y), F2(y)), yEN.
Since F is a conditional expectation, if
F(zx,O) (F1(zx),aF1(zx)).
Thus zF1(x) = F1(zx), and by symmetry F1(xz) = F1(x)z. In particular
However, E(x, 0) = (~E(x), ~E(x)). Therefore we have
In particular since F1(1) E Z(A),
Thus F1(1) = ~ 1, so from the above F = 2F1 is a conditional expectation of
Similarly we obtain E = P o 2F2.
It remains to show uniqueness, hence in particular
Then we have
P((F-G)(x) 2 ) -P(F(x) 2 -F(x)G(x)-G(x)F(x) + G(x) 2 ) -P(F(xF(x))-F(xG(x))-F(G(x)x) + G(xG(x))) E(xF(x)-xG(x)-G(x)x + xG(x)) Po G(xF(x))-Po F(G(x)x) P(G(x)F(x)-G(x)F(x))
-0.
Since Pis faithful F(x) = G(x), so F =G. 
QED
The Jordan analogue of Takesaki's theorem
In the present section we shall study the existence problem for faithful normal projections of a von Neumann algebra N, or more generally JW-algebra, onto a JW-subalgebra. The theorem will be a generalization of Takesaki's theorem for von Neumann algebras [9] , which in the case of states says that (ii) Each Pi is unital, positive, normal. We can now state our generalization of Takesaki 's theorem. The result also extends [2] . ( (8;(1), y) .
Therefore E can be extended to a contractive idempotent E on the real Hilbert space obtained by completing N in the norm induced by the inner product 8,p. But contractive idempotents on a Hilbert space are automatically self-adjoint, i.e. E = E* = E* E. Therefore
8,p(E(x), E(y)) = 8,p(E(x), y) = 8,p(x, E(y)).
for all x, yEN. In particular we have 
y) (82(E(x)), E(y)).
In 
Thus (i) follows, since the identity r.p o E = 7/J shows that E is normal and faithful.
(ii)=}(iii 
Therefore it remains to be shown that
or rather
s'I/J(a, y) = scp(a, E(y)).
But this was shown in the proof of (i)=?(ii). It follows that H: is C'-invariant, and C = C' I H# as asserted. 
7/J(xe) = cp(E(xe)) = cp(E(x)e) = cp(eE(x)) = 7/J(ex).
Thus e and f E M'I/J-the centralizer of 7/J. In particular af(e) = e, af(f) =f.
It thus suffices to consider the two cases e = 1 and f = 1 separately. If A = M sa then E is a conditional expectation, so the conclusion follows from Takesaki 's theorem [9] . 
